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On moduli spaces of sheaves on K3 or abelian surfaces
Markus Zowislok
∗
Abstract
We investigate the moduli spaces of one- and two-dimensional sheaves on projective
K3 and abelian surfaces that are semistable with respect to a nongeneral ample divisor
with regard to the symplectic resolvability. We can exclude the existence of new examples
of projective irreducible symplectic manifolds lying birationally over components of the
moduli spaces of one-dimensional semistable sheaves on K3 surfaces, and over components
of many of the moduli spaces of two-dimensional sheaves on K3 surfaces, in particular, of
those for rank two sheaves.
1 Introduction
How are moduli spaces of one- and two-dimensional sheaves on a projective K3 or abelian
surface X that are semistable with respect to an ample divisor H on X related when H varies
in the ample cone? Is there a symplectic resolution of the moduli space if H is nongeneral?
For the second question, we follow the idea of constructing a projective Q-factorial sym-
plectic terminalisation M˜ → M of a component M of the moduli space, i.e. a symplectic
Q-factorial projective variety M˜ with at most terminal singularities together with a projec-
tive birational morphism f : M˜ →M . The existence of such a morphism yields the following
facts:
1. If M˜ can be chosen to be an irreducible symplectic manifold then M˜ is unique up to
deformation by a result of Huybrechts [Huy99].
2. If M˜ is singular thenM admits no projective symplectic resolution by [Nam06] corollary
1.
We denote the moduli space of sheaves onX with Mukai vector v ∈ Λ(X) := N0⊕NS(X)⊕Z ⊂
H2∗(X,Z) that are semistable with respect to an ample divisor H on X by MH(v) and
the open subscheme of stable sheaves by M sH(v). M
s
H(v) is nonsingular, each connected
component has dimension 2 + v2 and it carries a symplectic form due to Mukai [Muk84]. We
start with investigating the possible components and show that we can reduce to considering
components containing stable sheaves.
We treat the one-dimensional case first. Let v = (0, v1, v2) ∈ Λ(X) with v1 6= 0, v2 6= 0,
H an ample divisor in a v-chamber K and H ′ another ample divisor in the closure K of K
in the ample cone. Then one has
H ′-stable ⇒ H-stable ⇒ H-semistable ⇒ H ′-semistable
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for one-dimensional sheaves F with v(F ) = v. Our main result is the extension of what is
known for a general ample divisor:
Theorem. (4.2) Let v = (0, v1, v2) ∈ Λ(X) with v1 6= 0, v2 6= 0 and v
2 ≥ 0, and H an ample
divisor on X. Assume that M sH(v) is nonempty.
1. Let v be primitive or v2 = 8. Then there is a projective symplectic resolution M →
M sH(v). If H is not v-general then M can be chosen to be a symplectic resolution of
MA(v), where A is a v-general ample divisor in a chamber touching H.
2. Let v be not primitive and v2 6= 8. Then there is a singular locally factorial (and
therefore Q-factorial) projective symplectic terminalisation of M sH(v) .
Together with our discussion above and the decomposition of components of the moduli space
containing no stable sheaves this implies that if for v = (0, v1, v2) ∈ Λ(X) with v1 6= 0, H
an ample divisor on X and M an irreducible component of MH(v) there is a projective sym-
plectic resolution M˜ →M with M˜ an irreducible symplectic manifold then it is deformation
equivalent to a symplectic resolution of some MA(w), where w ∈ Λ(X) and A is some w-
general ample divisor.
For the rest of the article we focus on the two-dimensional case, which is more complicated,
as semistable sheaves in general become unstable if the divisor is moved onto a wall. In
[MW97] the authors construct a moduli space for twisted semistable sheaves of fixed Chern
character on a surface, which can be used to establish a connection between the moduli
spaces for varying ample divisor. They show under certain conditions an equivalence of
twisted semistability and semistability with an extra condition involving a second ample
divisor A. We will call the latter one (H,A)-semistability, which we generalise to the context
of a projective scheme in the appendix. Here H and A are two ample line bundles on the
given projective scheme. The definition immediately yields the observation
H-stable ⇒ (H,A)-stable ⇒ (H,A)-semistable ⇒ H-semistable,
and thus the needed morphisms between the corresponding moduli spaces. The construction
of the moduli space MH,A(P ) of (H,A)-semistable sheaves with Hilbert polynomial P with
respect to H is also given in the appendix. We generalise the one given in [HL97] by using two
different ample line bundles H and A, the first one in order to make the considered sheaves
globally generated, and the second one in order to get the linearised line bundle, similarly to
the surface case in [MW97]. The reason why we redo the construction is because we need
more properties than developed in [MW97]. Moreover, although we only use the surface case,
we want to remark that this restriction is unnecessary for the construction of the moduli
space.
The moduli space MH,A(v) of (H,A)-semistable sheaves with Mukai vector v and a v-
general ample divisor A is a good candidate for a suitable terminalisation as it shares many
properties withMA(v) - assuming the existence of certain stable sheaves, which can be ensured
by a numerical condition on v, see the main text.
Altogether we can extend the results of [KLS06] for a general ample divisor H as follows:
Theorem. Let v = (v0, v1, v2) ∈ Λ+(X) := N⊕NS(X)⊕Z primitive with v
2 ≥ 0, m ∈ N and
H an ample divisor on X, and assume that M sH(mv) is nonempty.
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1. Let m = 1 or (mv)2 = 8. Then there is a projective symplectic resolution M →
M sH(mv). If H is not mv-general then M can be chosen to be a symplectic resolution
of MH,A(mv), where A is an mv-general ample divisor.
2. Let m ≥ 2 and (mv)2 6= 8. If H is mv-general or v0 = 1 or v
2 > ϕ(v0) with ϕ as in
theorem 6.5 then there is a singular Q-factorial projective symplectic terminalisation of
M sH(mv) , and in particular, there is no projective symplectic resolution of M
s
H(mv).
Proof. The results for an mv-general ample divisor H are well-known, see [KLS06]. Let now
H be a not mv-general ample divisor. By proposition 5.4 it is enough to find a Q-factorial
projective symplectic terminalisation M → MH,A(v) , where A is any mv-general ample di-
visor and M is nonsingular in case 1 and singular in case 2. Choose an ample divisor A in
an mv-chamber touching H. Theorem 5.3 yields the claim of item 1 and reduces the claim
of item 2 to the question of the existence of an (H,A)-stable sheaf with Mukai vector v. If
v0 = 1 then MA(v) 6= ∅ (see e.g. [KLS06]), and any sheaf in this space is also (H,A)-stable.
If v2 > ϕ(v0) then there is an (H,A)-stable sheaf with Mukai vector v by theorem 6.5. 
We have only partial results on the deformation classes of the symplectic manifolds given in
part 1 of the theorem:
Corollary 6.7. Let X be a K3 surface, v = (v0, v1, v2) ∈ Λ+(X) a primitive Mukai vector, H
an ample divisor and A a v-general ample divisor. Assume that v2 > ϕ(v0). Then MH,A(v)
is deformation equivalent to Hilb
v2
2
+1(X).
Remark that our results imply that no new examples of a projective irreducible symplectic
manifold arise from moduli spaces of semistable sheaves on projective K3 surfaces of rank
two.
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2 Notation and conventions
2.1 Symplectic varieties
Following [Bea00] a symplectic variety X is a normal variety together with a (holomorphi-
cally) symplectic form ω on the nonsingular locus U of X such that there is a resolution of
singularities f : X˜ → X for which the pullback
(
f |f−1(U)
)∗
ω extends to a holomorphic 2-form
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on X˜ . One can show that if X is a symplectic variety and f : X˜ → X is any resolution of
singularities then the pullback of ω by the induced isomorphism extends to a holomorphic
2-form on X˜ , see [Bea00] section 1. An irreducible symplectic manifold is a simply connected
compact Ka¨hler manifold with a holomorphically symplectic form that generates H0(X,Ω2X).
Definition 2.1 Let X be a scheme. A nonsingular symplectic variety X˜ together with a
proper birational morphism f : X˜ → X is called a symplectic resolution.
Note that we do not require f to be an isomorphism over the nonsingular locus, but for a
projective symplectic resolution of a projective normal variety this condition always holds
true. Moreover, if in this case ω is the symplectic form on the nonsingular locus of X induced
by f then the pullback of ω clearly extends to the original symplectic form on X˜ . Note that
this is the usual definition for a resolution of singularities f : X˜ → X of a symplectic variety
X to be symplectic.
Definition 2.2 Let X be a scheme. A (symplectic, Q-factorial, ...) normal quasiprojective
variety X˜ with at most terminal singularities together with a proper birational morphism
f : X˜ → X is called a (symplectic, Q-factorial, ...) terminalisation (of X).
2.2 The Mukai vector
Throughout this article X will denote a projective K3 or abelian surface, which has Todd
class td(X) = (1, 0, 2ǫ) ∈ H2∗(X,Z) with ǫ = 1 if X is a K3 surface and ǫ = 0 if X is an
abelian surface. The discriminant of a coherent sheaf E on X is
∆(E) := 2rkEc2(E)− (rkE − 1)c1(E)
2 = c1(E)
2 − 2rkEch2(E) = v(E)
2 + 2ǫ(rkE)2 (1)
and its Mukai vector is
v(E) := ch(E)
√
td(X) = (rkE, c1(E), χ(E) − ǫrkE) ∈ Λ(X) := N0 ⊕NS(X) ⊕ Z .
A vector v of a lattice Λ is primitive if there is no decomposition v = mw with 2 ≤ m ∈ N
and w ∈ Λ. One has the even integral Mukai pairing
〈(v0, v1, v2), (v
′
0, v
′
1, v
′
2)〉 := v1.v
′
1 − v0v
′
2 − v
′
0v2
on Λ(X). We use the notation v2 := 〈v, v〉. By Mukai a simple sheaf on X has always a
Mukai vector v with v2 ≥ −2.
2.3 General ample divisors
The ample cone of X carries a chamber structure for given Mukai vector v = (v0, v1, v2) ∈
Λ(X). The definition depends on v0. In the case of v0 = 1 we agree that there is only one
chamber, which equals the whole ample cone.
For v0 > 1, we follow the definition in [HL97] section 4.C. Let Num(X) := Pic(X)/ ≡,
where ≡ denotes numerical equivalence, and ∆ := v2 + 2ǫv20 > 0 (this is the discriminant of
a sheaf with Mukai vector v).
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Definition 2.3 Let
W (v0,∆) := {ξ
⊥ ∩Amp(X)Q | ξ ∈ Num(X) with −
v20
4
∆ ≤ ξ2 < 0} ,
whose elements are called v-walls. The connected components of the complement of the union
of all v-walls are called v-chambers. An ample divisor is called v-general if it is not contained
in a v-wall.
The set W (v0,∆) is locally finite in Amp(X)Q by [HL97] lemma 4.C.2.
For v0 = 0, we follow the definition in [Yos01] section 1.4.
Definition 2.4 Let v1 6= 0 be effective. For every sheaf F with v(F ) = v and every subsheaf
E ⊂ F we define L := χ(E)c1(F )− χ(F )c1(E), and for L 6= 0 we call
WL := L
⊥ ∩Amp(X)Q
the v-wall defined by L. The connected components of the complement of the union of all
v-walls are called v-chambers. An ample divisor is called v-general if it is not contained in a
v-wall.
The number of nonempty v-walls is finite for a given Mukai vector v = (0, v1, v2) with v1 6= 0
effective by [Yos01] section 1.4. (Yoshiokas additional assumption v21 > 0 can be easily
removed).
If v0 = 0 = v2 then the notion of H-(semi)stability for a sheaf with Mukai vector v is
independent of the choice of H and one cannot introduce the notion of a v-general ample
divisor in this particular case. However, we can move away from this case, as tensoring
with the ample line bundle H yields the isomorphism MH(v) ∼= MH(v.ch(H)) . Thus one
can assume without loss of generality that v2 6= 0 when investigating the moduli spaces of
one-dimensional semistable sheaves on a surface.
3 A decomposition
In this section, we exhibit the structure of the irreducible components of the moduli space
MH(v). Although in general this moduli space is well-known to be irreducible, we could
not extend this result to every case. On the other side, we have no reducible example at
hand. Remark that, for an irreducible MH(v), we need these results for those moduli spaces
containing no stable sheaves.
Proposition 3.1 Let v ∈ Λ(X), H an ample divisor and M an irreducible component of
MH(v). Then there is a birational projective morphism
g :
m∏
i=1
SniMi →M
for a suitable decomposition v =
∑m
i=1 nivi with ni ∈ N and vi ∈ Λ(X) for 1 ≤ i ≤ m and a
suitable choice of pairwise distinct irreducible components Mi ⊂M sH(vi) for 1 ≤ i ≤ m.
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Proof. Let S be the at most countable set of finite tuples (ni,Mi)i of pairs of a natural number
ni ∈ N and pairwise distinct connected components Mi ⊂ M sH(vi) for some vi ∈ Λ(X) such
that there is an H-polystable sheaf
[⊕
i
⊕ni
j=1 Fij
]
∈M with Fij ∈M
s
i for all 1 ≤ j ≤ ni and
all i. For every such tuple t = (ni,Mi)i ∈ S consider the morphism
gt :
∏
i
SniMi →MH(v), ([Fij ]) 7→

⊕
i
ni⊕
j=1
Fij

 ,
which is injective on the open subset
∏
i S
niM si . The union of the images of the morphisms
gt is MH(v). Since t varies in a countable set, there exists a t such that gt surjects on M .
Thus gt is the desired birational morphism. 
This result can be used to reduce the question of symplectic resolvability of any component
of the moduli space of H-semistable sheaves to the question of symplectic resolvability of
components of other moduli spaces of H-semistable sheaves containing stable sheaves:
Theorem 3.2 Let v ∈ Λ(X), H an ample divisor on X and M an irreducible component of
MH(v). Furthermore, let
g :
m∏
i=1
SniMi →M
be the projective birational morphism given by proposition 3.1, where Mi ⊂M sH(vi) are pair-
wise distinct irreducible components. Assume that for each i there is a Q-factorial projective
symplectic terminalisation M˜i →Mi. For all i set
M
(ni)
i :=
{
Hilbni(M˜i) if v
2
i = 0,
SniM˜i otherwise,
and let f be the concatenation of the projective birational morphisms
M˜ :=
m∏
i=1
M
(ni)
i →
m∏
i=1
SniM˜i →
m∏
i=1
SniMi →M .
1. If M˜i is nonsingular for all i and v
2
i ≤ 0 whenever ni > 1 then f is a projective
symplectic resolution.
If M ′ →M is another projective symplectic resolution with M ′ an irreducible symplectic
manifold then it is deformation equivalent to M˜i for some i or to a Hilbert scheme of
points on a K3 surface.
2. If M˜j is singular or v
2
j ≥ 2 and nj > 1 for some j then f is a singular Q-factorial
projective symplectic terminalisation.
Proof. By [Muk87], since Mi 6= ∅, Mi consists of one reduced point if v
2
i < 0. One easily
verifies that M˜ is a projective symplectic variety with at most terminal singularities using
[Nam01] corollary 1.
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1. If M˜i is nonsingular for all i and v
2
i ≤ 0 whenever ni > 1 then M˜ is nonsingular.
IfM ′ →M is any other projective birational morphism withM ′ an irreducible symplec-
tic manifold then M˜ andM ′ are deformation equivalent irreducible symplectic manifolds
by a result of Huybrechts [Huy99]. Furthermore, there is at most one j with v2j ≥ 0 and
one has nj = 1 or v
2
j = 0 for such a j. In the second case M˜ = Hilb
nj (M˜j), so M˜j must
be a K3 surface.
2. If M˜j is singular or v
2
j ≥ 2 and nj > 1 for some j then M˜ is singular and Q-factorial using
the result of Bossie`re, Gabber and Serman that the direct product of two Q-factorial
varieties (over C) is again Q-factorial [BGS11]. 
4 Moduli spaces of one-dimensional sheaves
The aim of this section is to extend the results of [KLS06] on moduli spaces for one-dimensional
sheaves to all ample divisors. First we connect the stability notion for varying ample divisors.
Lemma 4.1 Let v = (0, v1, v2) ∈ Λ(X) with v1 6= 0, v2 6= 0, H an ample divisor in a v-
chamber K and H ′ another ample divisor in the closure K of K in the ample cone. Then
one has H ′-stable ⇒ H-stable ⇒ H-semistable ⇒ H ′-semistable for one-dimensional sheaves
F with v(F ) = v.
Proof. Let E ⊂ F be a nontrivial proper subsheaf of a sheaf F with v(F ) = v and
f : K → Q, h 7→ (χ(E)c1(F )− χ(F )c1(E)).h .
Note that f is well-defined on Q-divisors already. We consider the following two cases:
1. F is H-semistable, i.e. f(H) ≤ 0, and we assume, f(H ′) > 0, or
2. F is H ′-stable, i.e. f(H ′) < 0, and we assume, f(H) ≥ 0.
Then there is a Q-divisor H0 on the connecting line of H and H
′ and f(H0) = 0, and in
particular, H0 is v-general. By definition of a v-general ample divisor, one thus has the con-
tradiction f ≡ 0. 
Now we can give the relations between the corresponding moduli spaces and state the conse-
quences on the existence of symplectic resolutions.
Theorem 4.2 Let v = (0, v1, v2) ∈ Λ(X) with v1 6= 0, v2 6= 0 and v
2 ≥ 0, and H an ample
divisor on X. Assume that M sH(v) is nonempty.
1. Let v be primitive or v2 = 8. Then there is a projective symplectic resolution M →
M sH(v). If H is not v-general then M can be chosen to be a symplectic resolution of
MA(v), where A is a v-general ample divisor in a chamber touching H.
2. Let v be not primitive and v2 6= 8. Then there is a singular locally factorial (and
therefore Q-factorial) projective symplectic terminalisation of M sH(v) .
Proof. For a v-general ample divisor H this is due to Mukai, O’Grady, Kaledin, Lehn and
Sorger, see e.g. [KLS06], and for a not v-general ample divisor H choose a v-general ample
divisor A in a chamber touching H and use the projective birational morphism f :MA(v)→
MH(v) induced by the universal properties of the moduli spaces thanks to the preceding
lemma 4.1. 
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5 Moduli spaces of two-dimensional sheaves
For the rest of this article we restrict to sheaves of positive rank. In the appendix we introduce
the notion of (semi)stability with respect to a pair of two ample divisors (H,A), which can
be restated for two-dimensional sheaves on surfaces as follows: A coherent sheaf F is (H,A)-
(semi)stable if it is H-semistable and if for any proper nontrivial subsheaf E ⊂ F with reduced
Hilbert polynomial pH(E) = pH(F ) one has µA(E) (≥) µA(F ), i.e. stable corresponds to >
and semistable to ≥.
Let H and A be two ample divisors on X, v = (v0, v1, v2) ∈ Λ+(X) := N ⊕ NS(X) ⊕ Z
on X and P the Hilbert polynomial of any sheaf with Mukai vector v. We define MH,A(v) to
be the fibre of the morphism MH,A(P )
det
→ Pic(X)
c1→ NS(X) over v1 ∈ NS(X). This moduli
space parametrises (H,A)-polystable sheaves with Mukai vector v. We denote the open subset
of (H,A)-stable sheaves by M sH,A(v). The local description of the moduli space MH,A(v) is
analogous to MH(v). In particular, M
s
H,A(v) is nonsingular, each connected component has
even dimension 2 + v2, and Mukai’s construction of the symplectic form carries over to it.
The following proposition points out the importance of v-general ample divisors. The
proportionality in the first part is crucial for the local analysis of the moduli spaces.
Proposition 5.1 Let A be v-general and F an (H,A)-semistable sheaf with Mukai vector v.
1. If E ⊂ F is a nontrivial proper subsheaf with pH,A(E) = pH,A(F ) then
c1(E)
rkE =
c1(F )
rkF .
2. If v is primitive then F is (H,A)-stable.
Proof.
1. E is saturated, so 0 < rkE < rkF . By lemma 7.2 one has(
µH(E),
χ(E)
rkE
,−µA(E)
)
=
(
µH(F ),
χ(F )
rkF
,−µA(F )
)
.
Assume that ξ := rkF c1(E) − rkE c1(F ) 6= 0. As F is µH -semistable, by [HL97]
theorem 4.C.3 ξ defines the v-wall ξ⊥∩Amp(X)Q. This wall contains A, a contradiction
to A being v-general.
2. Assume E ⊂ F is a nontrivial saturated proper subsheaf with pH,A(E) = pH,A(F ), so
rkE(c1(F ), χ(F )) = rkF (c1(E), χ(E)) by item 1. Thus
rkE
gcd(rkE, rkF )
(c1(F ), χ(F )) =
rkF
gcd(rkE, rkF )
(c1(E), χ(E)) .
Clearly 1 ≤ gcd(rkE, rkF ) ≤ rkE < rkF , hence rkFgcd(rkE,rkF ) > 1 and this integer
divides (c1(F ), χ(F )) and rkF , which is a contradiction to the primitiveness of v.
The following result holds even for arbitrary ample divisors A:
Theorem 5.2 If M ⊆ MH,A(v) is a connected component with M ⊆ M
s
H,A(v) then one
already has M =MH,A(v). In particular, if M
s
H,A(v) =MH,A(v) then MH,A(v) is irreducible.
Proof. The proof of [KLS06] theorem 4.1 carries over literally. 
We come to our main result on the the moduli space of (H,A)-semistable sheaves.
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Theorem 5.3 Let v = (v0, v1, v2) ∈ Λ+(X) be primitive, m ∈ N, H an ample divisor on X
and A an mv-general ample divisor on X. Assume that M sH,A(mv) is nonempty.
1. If v2 = 0 then MH,A(mv) = M
s
H,A(mv), and MH,A(mv) is a projective symplectic
nonsingular surface.
2. Let v2 ≥ 2 and M sH,A(v) be nonempty. Then MH,A(mv) is a projective symplectic
variety of dimension 2 +m2v2.
a) If m = 1 then MH,A(v) =M
s
H,A(v), and MH,A(v) is nonsingular.
b) If m ≥ 2 then the singular locus of MH,A(mv) is nonempty and equals the strictly
semistable locus.
i. If m = 2 and v2 = 2 then the singular locus has codimension 2 and MH,A(mv)
admits a symplectic resolution.
ii. If m = 2 and v2 > 2 or m > 2 then MH,A(mv) is locally factorial, the singular
locus has codimension at least 4 and the singularities are terminal. There is
no open neighbourhood of a singular point that admits a symplectic resolution.
3. Let v2 ≥ 2 but now M sH,A(v) be empty. Then MH,A(v) is empty as well, i.e. m > 1
by assumption. If m = 2 or 3 then MH,A(mv) = M
s
H,A(mv), and MH,A(mv) is a
nonsingular projective symplectic variety of dimension 2 +m2v2.
The third part of this theorem is only included as our existence results for stable sheaves pre-
sented in the following section do not fully extend the existence results one has for H-stable
sheaves. We don’t have an example at hand for this case.
Proof of the theorem. If m = 1 then M sH,A(v) =MH,A(v) by proposition 5.1. If M
s
H,A(mv) =
MH,A(mv) then MH,A(mv) is irreducible by theorem 5.2. In particular, MH,A(v) is a projec-
tive symplectic nonsingular variety.
1. Let v2 = 0. As M sH,A(mv) is nonempty, M
s
H,A(av) is empty for all a 6= m analogously
to the arguments in [Muk87] §3. Thus MH,A(mv) =M
s
H,A(mv).
2. Let v2 ≥ 2 and M sH,A(v) be nonempty. The case of m = 1 is clear by the above
statements, so let m ≥ 2. The results herein are straightforward generalisations of
[KLS06] and carry over literally as they are based on a local analysis using proposition
5.1, and the local description of MH,A(mv) is analogous to the one of MA(mv).
3. Let v2 ≥ 2 and M sH,A(v) be empty. If m = 2 or 3 then MH,A(mv) = M
s
H,A(mv), and
the claim follows from the statements at the beginning of the proof. 
The moduli spaces MH,A(v) and their symplectic resolutions are good candidates for Q-
factorial projective symplectic terminalisations of MH(v), and we can reduce our question on
MH(v) to the investigation of MH,A(v):
Proposition 5.4 Let v ∈ Λ+(X), H a not v-general and A a v-general ample divisor. As-
sume that M sH(v) is nonempty and that there is a Q-factorial projective symplectic termi-
nalisation M → MH,A(v) . Then there is a Q-factorial projective symplectic terminalisation
f :M →M sH(v) .
9
Proof. Concatenate the terminalisationM →MH,A(v) with the morphismMH,A(v)→M sH(v)
induced by the universal properties of the moduli spaces. 
Since we were unable to extend the irreducibility result to all moduli spaces of (H,A)-
semistable sheaves, as a substitute we consider components containing no (H,A)-stable sheaves.
These considerations are also relevant for the irreducible moduli spaces containing no stable
sheaves at all, e.g. in the case of an isotropic Mukai vector.
Corollary 5.5 Let v = (v0, v1, v2) ∈ Λ+(X), H a not v-general ample divisor on X and M
an irreducible component of MH(v) containing no H-stable sheaves.
Assume that for all w = (w0, w1, w2) ∈ Λ+(X) with 1 < w0 < v0 and such that H is not w-
general, w1.Hw0 =
v1.H
v0
and w2w0 =
v2
v0
there is a Q-factorial projective symplectic terminalisation
of MH,Aw(w) for a suitable w-general ample divisor Aw. Then there is a Q-factorial projective
symplectic terminalisation M˜ →M .
If M˜ can be chosen to be an irreducible symplectic manifold then it is deformation equiv-
alent to some symplectic resolution of some MH,A(w), where w = (w0, w1, w2) ∈ Λ+(X) has
the above properties and A is a w-general ample divisor, to a symplectic resolution of some
MH(w), where 1 ≤ w0 < v0, H is w-general,
w1.H
w0
= v1.Hv0 and
w2
w0
= v2v0 , or to a Hilbert
scheme of points on a K3 surface.
Proof. Consider the decomposition v =
∑m
i=1 niv
(i) given by proposition 3.1. As the Mukai
vectors v(i) belong to H-stable direct summands of a strictly H-polystable sheaf with Mukai
vector v one has 1 < v
(i)
0 < v0,
v
(i)
1 .H
v
(i)
0
= v1.Hv0 and
v
(i)
2
v
(i)
0
= v2v0 for all i. If H is v
(i)-general for
some i then MH(v
(i)) is a symplectic variety that admits a Q-factorial projective symplectic
terminalisation by [KLS06]. Thus theorem 3.2 yields the claim. 
6 Existence of stable sheaves
Given a primitive v = (v0, v1, v2) ∈ Λ+(X), m ∈ N, H an ample divisor on X and A an mv-
general ample divisor on X, theorem 5.3 extends well-known results onMA(mv) toMH,A(mv)
assuming the existence of (H,A)-stable sheaves with Mukai vector v. In this section we deduce
an existence result for these sheaves stated in theorem 6.5. First, we need some preliminaries.
Lemma 6.1 Let 0 = F0 ⊂ F1 ⊂ ... ⊂ Fn = F be a filtration of a coherent sheaf F on X with
positive rank such that the graded objects gri := Fi/Fi−1 have positive rank for i = 1, ..., n.
Then
n∑
i=1
∆(gri)
rk gri
−
∆(F )
rkF
=
∑
i<j
rk gri rk grj
rkF
(
c1(gri)
rk gri
−
c1(grj)
rk grj
)2
.
Proof. See the proof of [HL97] corollary 7.3.2. 
Corollary 6.2 If all gri have the same slope with respect to H then one has
n∑
i=1
∆(gri)
rk gri
≤
∆(F )
rkF
.
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Moreover, if c1(gri)rk gri 6=
c1(grj)
rk grj
for all 1 ≤ i < j ≤ n then one even has
n∑
i=1
∆(gri)
rk gri
≤
∆(F )
rkF
−
∑
i<j
2rk grirk grj
rkF lcm(rk gri, rk grj)2
≤
∆(F )
rkF
−
∑
i<j
2
rkF rk grirk grj
,
where lcm denotes the least common multiple.
Proof. By assumption one has
(
c1(gri)
rk gri
−
c1(grj)
rk grj
)
.H = 0 , hence
(
c1(gri)
rk gri
−
c1(grj)
rk grj
)2
≤ 0 for all
i, j by the Hodge index theorem. The intersection pairing is nondegenerate and even, hence(
c1(gri)
rk gri
−
c1(grj)
rk grj
)2
=
1
lcm(rk gri, rk grj)2
(
lcm(rk gri, rk grj)
(
c1(gri)
rk gri
−
c1(grj)
rk grj
))2
≤ −
2
lcm(rk gri, rk grj)2
.

Lemma 6.3 Let H be an ample divisor on X, 2 ≤ n ∈ N and 0 = F0 ⊂ F1 ⊂ ... ⊂ Fn = F
a filtration of a coherent sheaf F on X with positive rank r such that all gri = Fi/Fi−1 have
positive rank ri, are µH-semistable, have the same slope with respect to H and
c1(gri)
rk gri
6=
c1(grj)
rk grj
for all 1 ≤ i < j ≤ n. Then
∑
i<j
χ(gri, grj) ≤ −
∆(F )
2r
(n− 1) + ǫr2 − ǫ
n∑
i=1
r2i −
r − n+ 1
r
∑
i<j
1
rirj
.
Proof. One has ri ≤ r − n + 1 and the Bogomolov inequality ∆(gri) ≥ 0 for all i. Using
equation (1) of section 2.2 we can calculate∑
i<j
χ(gri, grj) = −
∑
i<j
〈v(gri), v(grj)〉
=
1
2

− n∑
i,j=1
〈v(gri), v(grj)〉+
n∑
i=1
v(gri)
2


=
1
2
(
n∑
i=1
v(gri)
2 − v(F )2
)
(1)
=
1
2
(
n∑
i=1
(
∆(gri)− 2ǫr
2
i
)
−∆(F ) + 2ǫr2
)
≤
n∑
i=1
r − n+ 1
2ri
∆(gri)− ǫ
n∑
i=1
r2i −
∆(F )
2
+ ǫr2
cor. 6.2
≤
r − n+ 1
2

∆(F )
r
−
∑
i<j
2
rrirj

− ǫ n∑
i=1
r2i −
∆(F )
2
+ ǫr2
= −
∆(F )
2r
(n− 1) + ǫr2 − ǫ
n∑
i=1
r2i −
r − n+ 1
r
∑
i<j
1
rirj
.

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Some parts of the proof of the following proposition are based on an idea we learned from an
unpublished note of Christoph Sorger.
Proposition 6.4 Let v = (v0, v1, v2) ∈ Λ+(X) with v0 ≥ 2 and H, A and B three ample
divisors on X. Assume that M sA,B(v) is nonempty and contains no H-semistable sheaves, and
let Rs →M sA,B(v) be the geometric quotient of the construction of the moduli space MA,B(v)
and F ∈ Coh(Rs × X) the universal quotient family. Then there is an open dense subset
S ⊂ Rs and a subsheaf F ′ ⊂ F |S such that for all s ∈ S one has
1. an exact sequence 0→ F ′s → Fs → F
′′
s → 0 on the fibre over s with
2. pH(F
′
s) > pH(Fs) > pH(F
′′
s ),
3. hom(F ′s, F
′′
s ) = 0 and
4. 1− χ(F ′s, F
′′
s ) = ext
2
−(Fs, Fs) ≤ end(F
′
s) + end(F
′′
s ),
where we calculate ext2−(Fs, Fs) with respect to the filtration F
′
s ⊂ Fs (for a definition see
[HL97] section 2.A) , and if v0 = 2 then additionally
1. ext2−(Fs, Fs) = 2,
2. −χ(F ′s, F
′′
s ) = ext
1(F ′s, F
′′
s ) = 1 and
3. 0 ≥ (c1(F
′
s)− c1(F
′′
s ))
2 = v2 − 4 = v(F ′s)
2 + v(F ′′s )
2 − 2 .
Proof. Stable sheaves are simple, hence one has
ext2(Fs, Fs) = hom(Fs, Fs) = 1 (2)
for all s ∈ S. By the same arguments as in the proof of [HL97] theorem 10.2.1 Rs is nonsingular
and the Kodaira-Spencer map κ is given by the concatenation of the two maps
TsR
s −→ T[Fs]M
s
A(v)
∼=
−→ Ext1(Fs, Fs) .
Furthermore, the first map is surjective, hence κ is surjective as well.
In the following every notion is understood to be with respect to the ample divisor H
whenever not explicitly stated differently. By [HL97] theorem 2.3.2 there is a relative Harder-
Narasimhan filtration F• and an open dense subscheme S ⊂ R
s such that the restriction of
the filtration to a fibre over s ∈ S is a Harder-Narasimhan filtration of Fs. As the open subset
of Rs containing H-semistable sheaves is empty the filtration is nontrivial. We only take the
first step F ′ := Fℓ−1|S ⊂ Fℓ|S = F |S of the filtration restricted to S, which gives us an exact
sequence
0→ F ′s → Fs → F
′′
s → 0 (3)
on the fibres over s ∈ S with
pH(F
′
s) > pH(Fs) > pH(F
′′
s ) . (4)
By the proof of [HL97] theorem 2.3.2 one has
hom(F ′s, F
′′
s ) = 0 (5)
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and π : QuotS×X/S(F,P−)→ S is an isomorphism, where P− := PH(F
′′
s ) (this is independent
of s). Let s ∈ S be a closed point and x be the unique point with s = π(x), which corresponds
to the exact sequence 3. By [HL97] theorem 2.2.7 the kernel of the obstruction map o : TsS →
Ext1(F ′s, F
′′
s ) is ker o = Im Txπ = dimTsS , hence o is the zero map. As o is given by
o : TsS
κ
−→ Ext1(Fs, Fs)
c
−→ Ext1(F ′s, F
′′
s )
and κ is surjective as explained above one has c = 0 as well. For the short filtration 0 ⊂ F ′s ⊂
Fs there is a long exact sequence
...→ Exti−(Fs, Fs)→ Ext
i(Fs, Fs)→ Ext
i(F ′s, F
′′
s )→ Ext
i+1
− (Fs, Fs)→ ... ,
which decomposes to the exact sequence
0→ Ext1(F ′s, F
′′
s )→ Ext
2
−(Fs, Fs)→ Ext
2(Fs, Fs)→ Ext
2(F ′s, F
′′
s )→ 0
as c = 0. Thus
0 = −ext1(F ′s, F
′′
s ) + ext
2
−(Fs, Fs)− ext
2(Fs, Fs) + ext
2(F ′s, F
′′
s )
(2), (5)
= χ(F ′s, F
′′
s ) + ext
2
−(Fs, Fs)− 1 .
By [HL97] theorem 2.A.4 there is a spectral sequence
Extp+q− (Fs, Fs) ⇐ E
pq
1 =
{
0 p < 0∏
i Ext
p+q(griFs, gri−pFs) p ≥ 0
.
Hence
ext2−(Fs, Fs) ≤
∑
i≥j
ext2(griFs, grjFs)
=
∑
i≥j
hom(grjFs, griFs)
= end(F ′s) + end(F
′′
s ) + hom(F
′
s, F
′′
s )
(5)
= end(F ′s) + end(F
′′
s ) (6)
Assume v0 = 2. Then F
′
s and F
′′
s are line bundles and therefore (A,B)-stable and simple. As
Fs is (A,B)-stable, one has
pA,B(F
′
s) <0 pA,B(Fs) <0 pA,B(F
′′
s ) (7)
and in particular, 0 = hom(F ′′s , F
′
s) = ext
2(F ′s, F
′′
s ) analogous to [HL97] proposition 1.2.7.
The sequence 0 → F ′s → Fs → F
′′
s → 0 gives a nontrivial element in Ext
1(F ′s, F
′′
s ), thus
ext1(F ′s, F
′′
s ) ≥ 1. Altogether one has
1 ≤ ext1(F ′s, F
′′
s ) = −χ(F
′
s, F
′′
s ) = ext
2
−(Fs, Fs)− 1
(6)
≤ 1 ,
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which gives us equality everywhere. In particular,
−2 = 2χ(F ′s, F
′′
s )
= −2〈v(F ′s), v(F
′′
s )〉
= v(F ′s)
2 + v(F ′′s )
2 − v2
(1)
= ∆(F ′s) + ∆(F
′′
s )− 4ǫ− v
2
l. 6.1
=
∆(Fs)
2
+
1
2
(
c1(F
′
s)− c1(F
′′
s )
)2
− 4ǫ− v2
(1)
=
1
2
(
c1(F
′
s)− c1(F
′′
s )
)2
−
v2
2
.
By the inequalities 4 and 7 one has
µH(F
′
s) ≥ µH(Fs) and
µA(F
′
s) ≤ µA(Fs) ,
hence there is an ample Q-divisor H ′ ∈ [H,A] such that µH′(F
′
s) = µH′(Fs) = µH′(F
′′
s ) , and
the Hodge index theorem (see e.g. [HL97] theorem V.1.9.) yields
0 ≥
(
c1(F
′
s)− c1(F
′′
s )
)2
= v2 − 4 .

We are now ready for the main result of this section:
Theorem 6.5 Let v = (v0, v1, v2) ∈ Λ+(X) with v0 ≥ 2 and
v2 > 2
(
v30 − (2− ǫ)v
2
0 + v0(1− 2ǫ)− (v0 − 1)
⌊
v20
4
⌋−1)
=: ϕ(v0) ,
H a not v-general ample divisor and A a v-general ample divisor in a chamber touching H.
Then there is an A-stable and H-semistable sheaf E with Mukai vector v.
Moreover, if B is another v-general ample divisor such that H ∈ [A,B] is the unique not
v-general ample divisor then E is even (H,B)-stable.
Proof. One can easily verify that by the assumptions on v one has v2 ≥ 2, and therefore
M sA(v) 6= ∅ by [KLS06]. Set B = A and assume that M
s
A(v) contains no H-semistable
sheaves. Then by proposition 6.4 there is an [F ] ∈M sA(v) with an exact sequence
0→ F ′ → F → F ′′ → 0
such that
pH(F
′) > pH(F ) > pH(F
′′) , (8)
hom(F ′, F ′′) = 0 and (9)
1− χ(F ′, F ′′) = ext2−(F,F ) ≤ end(F
′) + end(F ′′) . (10)
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As F is in particular µA-semistable, it is also µH -semistable. Together with inequality (8)
one has
µH(F
′) = µH(F ) = µH(F
′′) and (11)
χ(F ′)
rkF ′
>
χ(F )
rkF
>
χ(F ′′)
rkF ′′
, (12)
and F ′ and F ′′ are µH -semistable. Thus by [O’G96] lemma 1.7 one has
end(F ′) ≤ (rkF ′)2 and end(F ′′) ≤ (rkF ′′)2 . (13)
Moreover, the A-stability of F ensures
pA(F
′) < pA(F ) < pA(F
′′) ,
and because of inequality (12) even
µA(F
′) < µA(F ) < µA(F
′′) ,
and therefore
c1(F
′)
rkF ′
6=
c1(F
′′)
rkF ′′
. (14)
We will need the easily verified inequalities
(rkF ′)2 + (rkF ′′)2 ≤ v20 − 2v0 + 2 and (15)
rkF ′ rkF ′′ ≤
⌊
v20
4
⌋
. (16)
Altogether one has
1
(10)
≤ χ(F ′, F ′′) + end(F ′) + end(F ′′)
l. 6.3, (13)
≤ −
∆(F )
2v0
+ ǫv20 + (1− ǫ)((rkF
′)2 + (rkF ′′)2)−
v0 − 1
v0 rkF ′ rkF ′′
(1)
≤ −
v2
2v0
+ ǫ(v20 − v0) + (1− ǫ)((rkF
′)2 + (rkF ′′)2)−
v0 − 1
v0 rkF ′ rkF ′′
(15),(16)
≤ −
v2
2v0
+ ǫ(v20 − v0) + (1− ǫ)(v
2
0 − 2v0 + 2)−
v0 − 1
v0
⌊
v20
4
⌋−1
= −
v2
2v0
+ v20 − (2− ǫ)v0 + 2(1− ǫ)−
v0 − 1
v0
⌊
v20
4
⌋−1
,
in contradiction to the assumption of the theorem.
Thus there is an A-stable and H-semistable sheaf E with Mukai vector v. Let B be
another v-general ample divisor such that H ∈ [A,B] is the unique not v-general ample
divisor. Let E′ ⊂ E be a proper nontrivial subsheaf with pH(E
′) = pH(E). In particular,
µH(E
′) = µH(E), hence the linear map
[A,B]→ R, h 7→ µh(E
′)− µh(E)
is either zero everywhere or changes the sign when passing through H. In the first case one
has µA(E
′) = µA(E) and therefore
χ(E′)
rkE′ <
χ(E)
rkE by the A-stability of E. In the second case
one has µA(E
′) < µA(E) and therefore µB(E
′) > µB(E). By the characterisation in lemma
7.2 one has that pH,B(E
′) <0 pH,B(E) in both cases. 
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Remark 6.6 Since B-stability and (H,A)-stability are open conditions, the existence of a
sheaf which is both B-stable and (H,A)-stable induces an isomorphism between an open subset
of MB(v) and an open subset of MH,A(v).
Corollary 6.7 Let X be a K3 surface, v = (v0, v1, v2) ∈ Λ+(X) a primitive Mukai vector, H
an ample divisor and A a v-general ample divisor. Assume that v2 > ϕ(v0). Then MH,A(v)
is deformation equivalent to Hilb
v2
2
+1(X).
Proof. MH,A(v) is irreducible by theorem 5.3. Theorem 6.5 together with the above remark
yields birationality of MH,A(v) and MB(v), and the deformation equivalence follows by Huy-
brechts [Huy99] using the results given in the introduction of [KLS06]. 
Let us evaluate ϕ for small values:
n 2 3 4 5 6
ϕ(n) for ǫ=0 2 22 70.5 158.7 298.9
ϕ(n) for ǫ=1 2 28 86.5 188.7 346.9
In particular, the only interesting exceptional case for rank two might occur for v2 = 2. To
realise this case one needs a K3 surface that holds a divisor D with D2 = −2, D.H = 0,
D.A < 0 and such that D + v1 is divisible by 2 in NS(X). This cannot occur as if D is a
divisor with D2 = −2 then D or −D is effective, hence D.H 6= 0 for any ample divisor H.
Appendix
In this appendix we introduce the notion of (semi)stability of sheaves on a projective scheme
with respect to a pair of two ample divisors (H,A), give some properties and construct the
corresponding moduli space.
7 Semistable sheaves
We assume familiarity with the material presented in [HL97] and use the notation therein.
Let X be a projective scheme over a field k, H and A two ample line bundles on X and E a
nontrivial coherent sheaf on X. We write E(mH + nA) := E ⊗H⊗m ⊗A⊗n , and we denote
the Hilbert polynomial of E with respect to H by PH(E), its reduced Hilbert polynomial by
pH(E) and its multiplicity by α
H
dimE(E). We define
PH,A(E)(m,n) := χ(E(mH + nA)) and pH,A(E) :=
PH,A(E)
αHdimE(E)
.
These are polynomials in m and n with degree d := dimE in n and m and total degree d,
and one has PH,A(E)(•, 0) = PH(E) and pH,A(E)(•, 0) = pH(E).
There is a natural ordering of polynomials in one variable given by the lexicographic order-
ing of their coefficients. This generalises to polynomials of two variables by the identification
Q[m,n] = (Q[m])[n], i.e. we consider the elements as polynomials in n and use the ordering
of Q[m] for comparing coefficients.
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We introduce another ordering on Q[m,n] by defining
f ≤0 g :⇔ (f(•, 0),−f) ≤ (g(•, 0),−g)
for f, g ∈ Q[m,n], where on the right hand side we use lexicographic ordering on the product
Q[m] × Q[m,n], i.e. f ≤0 g if and only if f(•, 0) < g(•, 0) or f(•, 0) = g(•, 0) and f ≥ g.
Clearly one has f =0 g if and only if f = g.
In order to avoid case differentiation for stable and semistable sheaves we follow the
notation 1.2.5 in [HL97] using bracketed inequality signs, e.g. an inequality with (≤) for
(semi)stable sheaves means that one has ≤ for semistable sheaves and < for stable sheaves.
Definition 7.1 A coherent sheaf E of dimension d is (H,A)-(semi)stable if it is pure and
if for any proper nontrivial subsheaf F ⊂ E one has pH,A(F ) (≤0) pH,A(E) . If E is strictly
(H,A)-semistable, i.e. (H,A)-semistable but not (H,A)-stable, then there is always a proper
nontrivial subsheaf F ⊂ E with pH,A(F ) = pH,A(E), which is then called an (H,A)-destabilising
subsheaf.
This definition is independent of the choice of the two ample line bundles in Q · H × Q · A.
In particular, (H,A)-(semi)stability is well-defined for ample Q-line bundles, and H or A can
be chosen to be very ample without changing the (H,A)-(semi)stability.
Lemma 7.2 Let E be a pure two-dimensional sheaf on a nonsingular projective surface over
an algebraically closed field k of characteristic zero, H and A two ample divisors and F ⊂ E
a nontrivial subsheaf. Then pH,A(F ) ≤0 pH,A(E) if and only if(
µH(F ),
χ(F )
rkF
,−µA(F )
)
≤
(
µH(E),
χ(E)
rkE
,−µA(E)
)
,
where we consider the lexicographic ordering on Q3.
Proof. For a line bundle L Riemann-Roch yields
χ(E ⊗ L) =
rkE
2
c1(L)
2 +
(
c1(E) −
rkE
2
KX
)
.c1(L) + χ(E) ,
where KX is the canonical divisor on the surface, and therefore
PH,A(E)(m,n) =
rkE
2
(mH + nA)2 +
(
c1(E)−
rkE
2
KX
)
.(mH + nA) + χ(E)
H2 · pH,A(E)(m,n) =
1
2
(mH + nA)2 +
(
c1(E)
rkE
−
1
2
KX
)
.(mH + nA) +
χ(E)
rkE
.

Observation 7.3 H-stable ⇒ (H,A)-stable ⇒ (H,A)-semistable ⇒ H-semistable.
This trivial observation must not be neglected: it is the reason why we can get morphisms be-
tween the corresponding moduli spaces. Conversely, there might be (H,A)-stable sheaves that
are not H-stable, and there might be H-semistable sheaves that are not (H,A)-semistable.
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(H,A)-(semi)stability is a generalisation ofH-(semi)stability in the following sense: (H,H)-
(semi)stability is equivalent to H-(semi)stability, and one has pH(F ) = pH(E) for two coher-
ent sheaves E and F if and only if pH,H(F ) = pH,H(E). In particular, everything we can
prove for (H,A)-(semi)stability also holds for H-(semi)stability.
Conversely, one can generalise known facts on H-(semi)stability to (H,A)-(semi)stability.
There is always a Jordan-Ho¨lder filtration 0 = E0 ⊂ E1 ⊂ ... ⊂ Eℓ = E for an (H,A)-
semistable sheaf E. The graded object
gr(E) :=
ℓ⊕
i=1
Ei/Ei−1
does not depend on the choice of the Jordan-Ho¨lder filtration. Two (H,A)-semistable sheaves
E1 and E2 with pH,A(E1) = pH,A(E2) are called Seshadri equivalent or S-equivalent if
gr(E1) ∼= gr(E2).
Let E be an (H,A)-semistable sheaf of dimension d and 0 = E0 ⊂ E1 ⊂ ... ⊂ Eℓ = E
a Jordan-Ho¨lder filtration of E. By observation 7.3 E is in particular H-semistable but the
factors gri(E) are not necessarily H-stable. Thus one gets a Jordan-Ho¨lder filtration of E
with respect to H-stability by refining the given filtration.
Passing from the set of H-semistable sheaves to the set of (H,A)-semistable sheaves one
looses sheaves, and the S-equivalence classes become smaller. This is the reason why a moduli
space for (H,A)-semistable sheaves parametrising (H,A)-polystable sheaves can partially
resolve a component of a moduli space for H-semistable sheaves parametrising H-polystable
sheaves.
Lemma 7.4 Let f : X → S be a projective morphism of noetherian schemes, H and A two
f -ample invertible sheaves on X and F a flat family of sheaves on the fibres of f . Then the
polynomial PHs,As(Fs) is locally constant as a function of s ∈ S.
Proof. The family F (ℓH) is S-flat as well for all ℓ ∈ N0, so by [HL97] proposition 2.1.2 the
Hilbert polynomial PAs(Fs(ℓHs)) = PHs,As(Fs)(ℓ, •) ∈ Q[n] is locally constant as a function
of s ∈ S for all ℓ ∈ N0. The polynomial PHs,As(Fs) can be regained from PHs,As(Fs)(ℓ, •) for
finitely many choices of ℓ, hence it is locally constant as a function of s ∈ S as well. 
Proposition 7.5 The following properties of coherent sheaves are open in flat families: being
(H,A)-semistable, or (H,A)-stable.
Proof. Let f : X → S be a projective morphism of noetherian schemes, H and A two f -very
ample invertible sheaves on X and F a flat family of d-dimensional sheaves on the fibres of f
with Hilbert polynomial P with respect to Hs for all s ∈ S. As we want to show the openness
of certain subsets we can assume S to be connected. Furthermore, we can replace S by the
open subset of all s ∈ S such that Fs is Hs-semistable as this condition is open by [HL97]
proposition 2.3.1, having in mind observation 7.3. Let α ∈ N be the multiplicity associated
to P .
For each α′ ∈ N with α′ ≤ α we consider the relative Quot scheme
π : Q(α′) := QuotX/S(F,
α′
α
P )→ S ,
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see [HL97] section 2.2. Let C(α′) be the set of connected components of Q(α′) and U ∈
Coh(Q(α′) ×S X) the universal quotient family. By lemma 7.4 PH,A := PHs,As(Fs) is inde-
pendent of s ∈ S and
PH,A(C) := PHpi(q),Api(q)(Uq)
is independent of q ∈ C for C ∈ C(α′). Let pH,A and pH,A(C) be the reduced polynomials
associated to PH,A and PH,A(C), respectively.
Now Fs is (Hs, As)-(semi)stable if and only if it is not contained in the closed union
α⋃
α′=1
π

 ⋃
C∈C(α′) : pH,A (<) pH,A(C)
C

 .

8 The construction of the moduli space
We straightforward generalise the construction in [HL97] chapter 4 omitting details that can
be found therein. Let X be a connected projective scheme over an algebraically closed field
k of characteristic zero, H and A two ample line bundles on X and P ∈ Q[x]. We define a
functor M′ : (Sch/k)o → (Sets) from the category opposed to the category of k-schemes to
the category of sets as follows. For a k-scheme S let M′(S) be the set of all isomorphism
classes of S-flat families of (H,A)-semistable sheaves on X with Hilbert polynomial P with
respect to H, and for a k-morphism f : S′ → S let
M′(f) :M′(S)→M′(S′), [F ] 7→ [(f × idX)
∗F ] .
If we consider the equivalence relation F ∼ F ′ for two F,F ′ ∈ M′(S) if and only if F ∼=
F ′ ⊗ p∗L for some L ∈ Pic(S), where p : S ×X → S is the projection onto the first factor,
then we get our moduli space functor as quotient functor: M :=M′/ ∼ is the moduli functor
for (H,A)-semistable sheaves on X with Hilbert polynomial P with respect to H.
Considering only families of (H,A)-stable sheaves yields open subfunctors M′s ⊂ M′
and Ms ⊂ M as the stability condition is open in flat families, see proposition 7.5. Note
that as our ground field is algebraically closed, being (H,A)-stable is equivalent to being
geometrically (H,A)-stable analogously to the results in [HL97] section 1.5.
Definition 8.1 A scheme M is called a moduli space for (H,A)-semistable sheaves if M
corepresents M. We will denote M by MH,A(P ), and analogously the functors.
Suppose M corepresents M. Then analogously to [HL97] lemma 4.1.2 Seshadri equivalent
sheaves correspond to identical closed points in M . In particular, if there is a properly
(H,A)-semistable sheaf F , then M cannot be represented.
According to [HL97] theorem 3.3.7 the family of H-semistable sheaves on X with Hilbert
polynomial with respect to H equal to P is bounded. In particular, there is an integer m
such that any such sheaf F is m-regular. Let V := k⊕P (m) and H := V ⊗k OX(−mH). Then
there is a surjection ρ : H → F , which gives a closed point
[ρ : H → F ] ∈ R ⊂ Quot(H, P ) ,
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where Quot(H, P ) is Grothendieck’s Quot scheme of quotients of H with Hilbert polynomial
P on X, see e.g. [HL97] section 2.2, and R is the open subset of Quot(H, P ) of all quotients
[H → E], where E is H-semistable and the induced map
V → H0(H(mH))→ H0(E(mH))
is an isomorphism.
Let Rss ⊂ R denote the open subscheme of those points which parametrise (H,A)-
semistable sheaves, and Rs ⊂ R the open subscheme of those parametrising (H,A)-stable
sheaves. There is a Gl(V )-action on Quot(H, P ), and R, Rss and Rs are Gl(V )-invariant.
Proposition 8.2 If ℓ is sufficiently large then the line bundle
Lℓ := det(p∗(F ⊗ q
∗OX(mH + ℓA)))
on Quot(H, P ) is very ample and carries a natural Gl(V )-linearisation, where p and q are
the two projections from Quot(H, P ) ×X to the first and second factor, respectively, and F
is the universal quotient sheaf on Quot(H, P )×X, see [HL97] section 2.2.
Proof. If E is a sheaf with Hilbert polynomial P with respect to H then E(mH) has Hilbert
polynomial
PH(E(mH))(x) = P (x+m) =: P
′(x)
with respect to H. As tensoring with a line bundle is exact, one has an isomorphism
ϕ : Quot(H, P )→ Quot(H(mH), P ′)
and
L′ℓ := (ϕ
−1)∗Lℓ = det(p
′
∗(F
′ ⊗ q′∗OX(ℓA))) ,
where p′ and q′ are the two projections from Quot(H(mH), P ′) ×X to the first and second
factor, respectively, and F ′ is the universal quotient sheaf on Quot(H(mH), P ′)×X. So we
can assume without loss of generality that m = 0.
Let S ⊂ Quot(H, P ) be a connected component. The universal family F is Quot(H, P )-
flat, hence the Hilbert polynomials PA(Fs) are constant on S by [HL97] proposition 2.1.2,
say PA(Fs) = P
′ for all s ∈ S. Hence one has a closed embedding ψ : S → QuotA(H, P
′) ,
where the index A denotes that the Hilbert polynomial is with respect to A, and not to H as
before. For sufficiently large ℓ
L′ℓ := det(p
′
∗(F
′ ⊗ q′∗OX(ℓA)))
is very ample by proposition [HL97] 2.2.5, where p′ and q′ are the two projections from
QuotA(H, P
′) × X to the first and second factor, respectively, and F ′ is the universal quo-
tient sheaf on QuotA(H, P
′) × X, and L′ℓ carries a natural Gl(V )-linearisation as explained
in [HL97] section 4.3. Thus Lℓ|S = ψ
∗L′ℓ is very ample as well and carries a natural Gl(V )-
linearisation, hence also Lℓ itself. 
As the center of Gl(V ) is contained in the stabiliser of each point in Quot(H, P ) we can
restrict the action to Sl(V ). Thus one has the notion of (semi)stable points of Quot(H, P )
with respect to Lℓ and the Sl(V )-action.
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Theorem 8.3 Suppose that m, and for fixed m also ℓ are sufficiently large integers. Then
Rss = R
ss
(Lℓ) and R
s = R
s
(Lℓ). Moreover, the closures of the orbits of two points [ρi :
H → Fi], i = 1, 2, in R
ss intersect if and only if grJH(F1) ∼= gr
JH(F2). The orbit of a point
[ρ : H → F ] is closed in Rss if and only if F is polystable.
We prove this theorem later. Together with [HL97] theorem 4.2.10 and the analogous state-
ment of [HL97] lemma 4.3.1 it yields:
Theorem 8.4 There is a projective scheme MH,A(P ) that universally corepresents the func-
tor MH,A(P ). Closed points in MH,A(P ) are in bijection with Seshadri equivalence classes
of (H,A)-semistable sheaves with Hilbert polynomial P . Moreover, there is an open subset
M sH,A(P ) that universally corepresents the functor M
s
H,A(P ).
Let [ρ : V ⊗ OX(−mH) → F ] be a closed point in R, λ : Gm → Sl(V ) a one-parameter
subgroup and V =
⊕
n∈Z Vn the weight space decomposition. Define ascending filtrations on
V and F by
V≤n :=
⊕
ν≤n
Vν and F≤n := ρ(V≤n ⊗OX(−mH)).
Then ρ induces surjections ρn : Vn ⊗OX(−mH)→ Fn := F≤n/F≤n−1. Summing up over all
weights we get a closed point[
ρ :=
⊕
n∈Z
ρn : V ⊗OX(−mH)→ F :=
⊕
n∈Z
Fn
]
∈ Quot(H, P ) .
Lemma 8.5 The weight of the action of Gm via λ on the fibre of Lℓ at the point [ρ] is given
by ∑
n∈Z
nχ(Fn(mH + ℓA)) =
−
1
dim(V )
∑
n∈Z
(dim(V )χ(F≤n(mH + ℓA))− dim(V≤n)χ(F (mH + ℓA))) .
Proof. This is [HL97] lemma 4.4.4 with minor changes due to the more general situation. 
Lemma 8.6 A closed point [ρ : H → F ] ∈ R is (semi)stable if and only if for all nontrivial
proper linear subspaces V ′ ⊂ V and the induced sheaf F ′ := ρ(V ′ ⊗ OX(−mH)) ⊂ F the
following inequality holds:
dimV · χ(F ′(mH + ℓA)) (≥) dim(V ′) · χ(F (mH + ℓA)) .
Proof. This is the generalisation of [HL97] lemma 4.4.5. The proof carries over literally using
the replacement P (•, ℓ) 7→ χ(•(mH + ℓA)) . 
In the following we denote H0(ρ(mH))−1(H0(F ′(mH))) by V ∩H0(F ′(mH)).
Lemma 8.7 If ℓ is sufficiently large, a closed point [ρ : H → F ] ∈ R is (semi)stable if and
only if for all coherent subsheaves F ′ ⊂ F and V ′ = V ∩H0(F ′(mH)) the following inequality
holds:
dimV · χ(F ′(mH + zA)) (≥) dim(V ′) · χ(F (mH + zA))
as polynomials in z.
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Proof. This is the generalisation of [HL97] lemma 4.4.6. The proof carries over almost literally
again. 
Recall our choice of the ordering ≤ on Q[m,n] explained in section 7.
Lemma 8.8 Let M ⊂ Q[m,n] be a finite set of polynomials. Then there is an m0 ∈ N such
that for all m′ ≥ m0 and for all P,Q ∈M the following conditions are equivalent:
1. P ≤ Q,
2. P (m′, •) ≤ Q(m′, •) (as polynomials in n) and
3. P (m′, n′) ≤ Q(m′, n′) for some n′ ≫ 0.
Proof. Straightforward. 
Proposition 8.9 Let P ∈ Q[m] be a polynomial. The set M := {PH,A(G) | G is a quotient
of an H-semistable sheaf F with PH(F ) = P and pH(F ) = pH(G)} ⊂ Q[m,n] is finite.
Proof. An immediate consequence of the definition is that any H-destabilising quotient of an
H-semistable sheaf is H-semistable as well. Let α be the multiplicity associated to P , α′ ∈ N
with α′ ≤ α and F = (Fi)i∈I the family of H-semistable sheaves with Hilbert polynomial
α′p with respect to H. By [HL97] theorem 3.3.7 this family is bounded. Hence the family
F(m′H) := (Fi(m
′H))i∈I is bounded as well for any choice of m
′ ∈ N. Therefore by [HL97]
lemma 1.7.6 the set of Hilbert polynomials {PA(Fi(m
′H)) | i ∈ I} is finite for any choice of
m′ ∈ N0. As the polynomials PH,A(Fi) can be regained from PA(Fi(m
′H)) for finitely many
choices of m′ the set Mα′ := {PH,A(Fi) | i ∈ I} is finite. Altogether one has that M is finite
because M ⊂
⋃α
α′=1Mα′ . 
Corollary 8.10 Let P be a polynomial in one variable. Suppose that m, and for fixed m also
ℓ are sufficiently large integers. Then the following conditions for an H-semistable sheaf F
with PH(F ) = P are equivalent:
1. F is (H,A)-(semi)stable,
2. for all nontrivial proper subsheaves F ′ ⊂ F with pH(F
′) = pH(F ) one has pH,A(F
′)
(≥) pH,A(F ),
3. for all nontrivial proper subsheaves F ′ ⊂ F with pH(F
′) = pH(F ) one has
χ(F ′(mH + zA))
r′
(≥)
χ(F (mH + zA))
r
as polynomials in z, where r′ and r denotes the multiplicity of the sheaves F ′ and F ,
and
4. for all nontrivial proper subsheaves F ′ ⊂ F with pH(F
′) = pH(F ) one has
χ(F ′(mH + ℓA))
r′
(≥)
χ(F (mH + ℓA))
r
.
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Proof. The equivalence of conditions 1 and 2 follows immediately from the definition. The
equivalence of conditions 2-4 is established using lemma 8.8 and proposition 8.9. 
Proof of theorem 8.3. Let m be large enough in the sense of [HL97] theorem 4.4.1 and of
corollary 8.10 and such that any H-semistable sheaf with multiplicity ρ ≤ r and Hilbert
polynomial ρ · p with respect to H is m-regular. Moreover, let ℓ be large enough in the sense
of lemma 8.7, proposition 8.2 and corollary 8.10.
First assume that [ρ : H → F ] is a closed point in R. By definition of R, the map
V → H0(F (mH)) is an isomorphism. Let F ′ ⊂ F be a subsheaf of multiplicity 0 < r′ < r
and let V ′ = V ∩H0(F ′(mH)). According to [HL97] theorem 4.4.1 one has either
1. pH(F
′) = pH(F ), or
2. h0(F ′(mH)) < r′ · p(m).
In the first case F ′ is m-regular, and we get dim(V ′) = h0(F ′(mH)) = r′ · p(m) and therefore
1
rr′
(
dimV · χ(F ′(mH + ℓA))− dim(V ′) · χ(F (mH + ℓA))
)
=
dimV
r
·
χ(F ′(mH + ℓA))
r′
−
dim(V ′)
r′
·
χ(F (mH + ℓA))
r
=
dimV
r
(
χ(F ′(mH + ℓA))
r′
−
χ(F (mH + ℓA))
r
)
.
In the second case dim(V ) · r′ = rr′p(m) > h0(F ′(mH)) · r = dim(V ′) · r . These are the
leading coefficients of the polynomials of lemma 8.7 up to a factor, so that
dimV · χ(F ′(mH + zA)) > dim(V ′) · χ(F (mH + zA))
as polynomials in z. By lemma 8.7 and corollary 8.10 this proves the implications
1. [ρ] ∈ Rs ⇒ [ρ] ∈ R
s
(Lℓ),
2. [ρ] ∈ Rss \Rs ⇒ [ρ] ∈ R
ss
(Lℓ) \R
s
(Lℓ) and
3. [ρ] ∈ R \Rss ⇒ [ρ] /∈ R
ss
(Lℓ).
Conversely, suppose that [ρ : V ⊗ OX(−mH) → F ] ∈ R
ss
(Lℓ). It remains to show that
[ρ] ∈ R. By lemma 8.7 one has an inequality
dimV · χ(F ′(mH + zA)) ≥ dim(V ′) · χ(F (mH + zA))
as polynomials in z for any F ′ ⊂ F and V ′ = V ∩ H0(F ′(mH)). Passing to the leading
coefficient of the polynomials we get
p(m) · r · r′ = dim(V ) · r′ ≥ dim(V ′) · r .
This is the inequality (4.4) in the proof of [HL97] theorem 4.3.3 in chapter 4.4, and the
remaining part of this proof carries over literally. 
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